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CD I We analyze the operator product expansion T M „(2)W[C] in M — 4, 4-dimensional Super- 

Yang-Mills (SYM) theory with the U(N) gauge group. We show that a closed Wilson loop 
does not possess an anomalous dimension and that only the shape of the loop is changed by 

i— I ' the conformal transformation. 

Hi 

O . §1. Introduction 



Conformal field theory (CFT) is important in modern particle physics in various 
. contexts. The most powerful tool in the 2-dimensional CFT is the operator product 

expansion (OPE). The OPE between the energy- momentum tensor and an operator 
extracts its conformal weight. 

We find it interesting to consider a similar situation regarding the Wilson loop 
in a conformally invariant Yang-Mills theory. In this paper, we investigate the OPE 
between the energy- momentum tensor and the Wilson loop in M = 4, 4-dimensional 
Super- Yang- Mills (SYM) theory with the U (N) gauge group employing dimensional 
analysis and the properties of the energy-momentum tensor. We find that the Wilson 
loop in M = 4 SYM theory does not possess an anomalous dimension and that only 
the deformation of the loop occurs under the conformal transformation. 
^ \ Another interesting related topic is the AdS / CFT correspondence. ^ The AdS / CFT 

correspondence enables one to evaluate such physical quantities as the multi-point 
function 4 ) and the expectation value of the Wilson loop 2 ' ' 3 ' in the strong cou- 
pling region. There have been ambitious attempts to compute the expectation value 
of the Wilson loop in the strong coupling region by means of quantum field the- 
ory 6 ). 7 ) f or a direct test of the AdS/CFT correspondence. In particular, Gross and 
Drukker 7 ) pointed out that the expectation value of a circular Wilson loop in M = 4, 
4-dimensional SYM theory is determined by an anomaly in the conformal transfor- 
mation that relates a circular loop to a straight line and computed the expectation 
value of the circular Wilson loop to all orders in the expansion. However, their 
analysis is based on the Feynman gauge, and the generalization to the general gauge 
is non-trivial. We attempt to understand the conformal anomaly through the OPE 
between the energy-momentum tensor and the closed Wilson loop, taking advantage 
of its gauge invar iance. 

This paper is organized as follows. Section 2 is devoted to the study of the 
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OPE between T fiu (z) and W[C] in the U(N) gauge theory by means of dimensional 
analysis and the properties of the energy-momentum tensor. Section 3 presents the 
computation for the U(l) gauge theory as a simple example of the general form 
investigated in the previous section. Section 4 contains the concluding remarks and 
the outlook for our research. The appendices contain the proofs of the formulae we 
derive in full detail. 



§2. General form of the OPE in the N = 4 SYM theory 



In this section, we develop the OPE between the Wilson loop and the energy 
momentum tensor in the U(N) SYM theory. The bosonic part of the Lagrangian 
and the Wilson loop are as follows: 



C = 



1 



- 1 fiv 

W[C] 



2G 2 



-{Ffiu) 2 + (D,4>i) 2 + ([4>i, H? + ttfTArf 
- d u A^ — i[A^, A u ], 
i[A^,4>i], 



1 

iV 



TrP exp 



C 



du\iA^(y(u)) 



du 



(2-1) 
(2-2) 

(2-3) 



Throughout this paper, we use the following indices: fi, v, ■ ■ ■ = 0, 1, 2, 3 and i,j,--- = 
4, 5, • • • , 9. Our analysis is carried out in Euclidean space with the metric g^ u = 5^ = 
diag(l, 1, • • • , 1). The indices of the scalar fields are contracted by Sij. G denotes the 
coupling constant. W[C] is the Wilson loop in N = 4, 4-dimensional SYM theory, 
whose derivation is given in detail in a paper of Drukker, Gross and Ooguri. 5 ) y^(u) 
represents the coordinates of the Wilson loop. The parameter of the Wilson loop u 
is an arc length parameter, and it satisfies | \ = 1. 0i(u) is chosen such that 

e l (u)e i (u) = \. 

T^yiyZ) denotes the energy-momentum tensor of M = 4, 4-dimensional SYM 
theory, defined by 
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(2-4) 



The following two fundamental properties of the energy- momentum tensor play a 
crucial role in our analysis. 

• tracelessness: T^^z) = 0. This implies the scale invariance of the action. 

• diver gencelessness: d' M T^ v (z) = 0. This implies the conservation of the energy 
and momentum. 

Before entering the analysis, let us 
review the well-known OPE in the 2- 
dimensional CFT. In considering the 
conformal Ward identity, we perform 
a contour integral around the operator 
A(w). Therefore, 0(z — w)" 1 is the or- 
der of the weakest singularity that con- 
tributes to the conformal Ward identity. 




Fig. 1. The contour 
dimensional CFT. 



integral in the 2- 
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The OPE is expressed by 



T(z)A(w) = (lower-dimensional operators) 



+ 



h 



(z — w) 



;A(W) + 



dA(w) 



z — w 



+ 



(2-5) 



An example of the lower-dimensional operators is the term of the central charge 
( z - w )i i with A(w) being the energy-momentum tensor. The coefficients of and 
(z-w)' 1 re P resen t the translation and the conformal weight of the operator, respec- 
tively. An important special case is a primary field, on which the OPE reduces 
to 



T(z)A(w) 



h . , . dA(w) 
A(w) + — ^ + 



(z — w) 



w 



(2-6) 



Let us next consider the OPE be- 
tween T ul/ (z) and W[C] in 4-dimensional 
Euclidean space. We perform the inte- 
gral over the region wrapping the Wil- 
son loop, and this is translated into an 
integral over the surface of the manifold. 
Let y^(uo) be the point on the Wilson 
loop nearest to the point z^. In other 
words, we take the point y^(uo) so that 
the vector z^ — y u (uo) is perpendicular 
to the tangent vector of the Wilson loop 

du 




y^(u +dn, ) 



Fig. 2. j/ M (uo) is the point nearest to z u 



{z^-y a {u Q )) 



du 



0. 



(2-7) 



The dependence of the point u on the coordinate z^ is given by 



du 



du 



(z a - y a (u )) d ^^' 



(2-8) 



~du r 



This can be derived by noting that the vector (z a + dz^) — y u (uo + duo) is also 



perpendicular to the tangent vector 



dy^ug+dug) 
du 



where duQ is the variation of the 



parameter no accompanying an infinitesimal variation of the coordinate dz^ . 

Let S 2 (uo) be the boundary of the 3-dimensional ball of a fixed radius e that is 
perpendicular to the tangent vector d ^ Mo ^ and has its center at y^uo). We wrap the 
Wilson loop with the surface enveloping these spheres S 2 (uq), with y^(uo) running 
over the whole Wilson loop. We define the region inside this enveloping surface 
as M. Its surface dM. is, of course, the enveloping surface of the spheres S 2 (uq). 
Utilizing Gauss's theorem, the conformal Ward identity for the Wilson loop is 



4 



T. Azuma and H. Kawai 




f d A zd»[T liV {z)W[C}v v {z)} = [du [ dnCn»T^{z)W[C]v v {z). 

JM J Js 2 (u ) 

(2-9) 

The meanings of the quantities appearing in the above formula are as follows. 

• The spacetime integral is performed over the manifold M, in which the Wilson 
loop is included. 

• v u (z) is a conformal Killing vector. Its explicit form is as follows: 



Translation 
Dilatation 

Special Conformal Transformation (SCT) 



v"(z)=Z", (2-10) 
v v (z) = Xz u , (2-11) 
v v (z) = 2z u {b a z a ) - b v z 2 . (2-12) 



• df2 denotes the spherical integral over S 2 (uo), and is the normal vector on 
the surface dAi. 

• The measure C results from the difference between the inside track and the 
outside track. When the radius of curvature is R and the radius of the sphere 
S 2 (uo) is e, the ratio of the length of the inside track and the outside track is 
R — e : R + e. Therefore, the measure must be a quantity corresponding to the 
value 1 ^ |. Now, the point z^ resides on the sphere S 2 (uq), and the vector 
Zn — Ufj,( u o) corresponds to e. The quantity corresponding to j=r is the curvature 

vector d y ^i°^ ■ Therefore, the measure is 

C = l-(z a -y a (uo))^Q^. (2-13) 

The minus sign results from the fact that the vector - ^JT^ is directed at the 
center of curvature. 
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Since we perform the integral over the sphere S 2 {u$) whose surface area is 47re 2 , the 
weakest singularity in the OPE that contributes to the conformal Ward identity is 
O(z-y(u ))- 2 . 

We now investigate the OPE T flu (z)W[C]. In the following analysis, we separate 
the OPE into three parts for convenience. 

T^{z)W[C] = (T^(z)W[C]) c + (T^(z)W[C]) vec + {T^{z)W[C]) sca . (2-14) 

We hypothesize that the terms corresponding to the lower-dimensional operators 
do not emerge in the OPE T^ v {z)W[C}. In this equation, (T^ u (z)W[C])c denotes 
the terms containing W[C] itself without any insertion of the fields into it, which 
corresponds to the term ,^ w y 2 A(w) in the 2-dimensional CFT. The other two terms 
include the insertion of the fields A fl {y(uo)) or 4>i(y(uo)) into W[C]. As we find 
later by means of dimensional analysis, the vector fields and the scalar fields are not 
inserted simultaneously, and we separate the terms into the contribution of the vector 
field and that of the scalar field. (T tlu (z)W[C])ve C and (T tJ-u (z)W[C})sca denote the 
contributions with the insertion of the vector and the scalar fields, respectively. 



T(z)A(w) 


lower-dimensional operators 




8A(w) 

z — w 


T^(z)W[C] 




(T^(z)W[C])c 


(T^(z)W[C])vec 
(T^(z)W[C]) sca , 



2.1. Contribution of W[C] itself without field insertion 

We first investigate the contribution of W[C] itself (T llu (z)W[C]) c - We express 
the OPE as a power series expansion in z^ — y^{uo), where y^(tto) is the nearest 
point on the Wilson loop to the point z^. We first list the possible ingredients of 
this contribution: 

f dy^(u ) \ A ( d 2 y^(u ) \ B ( d 3 y /jl (uo) \ 

\ du J ' [ du 2 ) ' \ dv? J '"' 

Here we choose the theta parameter to satisfy 9i(uo)6 t (uo) = 1, and it immediately 
follows that 9i{u )^p± = 3^(^(«o)^(«o)) = 0. The absolute value \^^-\ is 1 
by definition, and we have dy ^ o) = ^( ^r^ ^l" o) ) = 0. These powers 

are restricted by the following conditions. 

1. The singularity that contributes to the conformal Ward identity is at least 
0(z - y(u ))~ 2 . Therefore, D - E < -2. 

2. The coefficient must have dimensions of (length) -4 , and this gives the condition 
-B - 2C + D - E - 2F = -4. 

3. We hypothesize that z, - y,(u ), 9 k (u ), ^1, and have 
non- negative powers. Hence A, B, C, D and F must each be or a positive 
integer. 

4. Since the coefficient must be a tensor of rank two, the total number of the 
indices must be even, so that A + B + C + D is &n even number. 
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5. The result should be invariant under the exchange u — > —u, so that A + 3C 
must be an even number. 
The second and third conditions lead to the relation D—E = -4+(B+2C+E+2F) > 
—4. Since B, C, E and F are restricted to be or positive integers, the possible 
singularity in the OPE is thus 

D-E = -4, -3, -2. (2-16) 

For convenience we classify the contribution of W[C\ itself according to the order of 
the singularity: 

(T„„(z)W[C]) c = (T^(z)W[C]) c4 + (T^(z)W[C]) c3 + (T^(z)W[C]) c2 . (2-17) 

Here (T^(z)W[C]) c4 , (T^ u (z)W[C]) c3 and (T flu (z)W[C]) c2 denote the contribu- 
tions with the singularities of 0(z — y(uo))~ 4 , 0(z — y(uo))~ 3 , and 0(z — d(uq))~ 2 
respectively. 

2.1.1. Terms with singularities of 0(z — y(uo))~ 4 

We first consider the terms with singularities of 0{z — y(uo))~ 4 . Since D — E = 
—4, the powers of the other ingredients are 

B = 0, (7 = 0, F = 0, A,D = (even). (2-18) 

Thus, we find that the possible form of the OPE is 

dy^{u ) dy v (u Q ) 



" 24^- g (,,„)|* 



| ^ ~ y^u ))(z u - y u (uo)) 

\z - y(uo)\ 2 



du du 
W[C]. (2-19) 



The coefficients a±, a-i and 03 are determined by the tracelessness and divergence- 
lessness conditions. The former condition is simple, and gives 

4ai + a 2 + a 3 = 0. (2-20) 

The divergencelessness is less simple due to the dependence of the point uq on the 
coordinates, as computed in (2-8). The divergence is given by 



d»{T» v {z)W[C\) cA = -L_ 



-(4a 1 + 2a 3 )^-^ (no) 



z - y(u )\ 6 



- a 3" ; — — — ; ; — -i^tzt: + «2 



\z - y(u )\%l - (z a - y a ( Uo ))^pl) \z - y(u )\< 



W[C}. 



We require that only the strongest singularity of 0(z — y(uo))~ 5 vanish, because the 
weaker singularities may be canceled by the contribution of the terms in the OPE 
with weaker singularities. With this assumption, the divergencelessness gives the 
condition 

4ai + 2a 3 = 0. (2-21) 
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2.1.2. Terms with singularities of 0(z — y(uo))~ s 

These terms are evaluated in a similar fashion. Since we are now treating the 
terms of 0(z — y(u ))~ 3 , the powers must satisfy D — E = —3, so that 

B = l, C = 0, F = 0, A = (even), D = (odd). (2-22) 

The possible form of the OPE is thus determined to be 

(z/u - y/j,(uo)){z u - y„(u ))(z a - y a (u )) d y d ^ o) 



(T^(z)W[C]) c3 = 
+b 2 



24vr 2 



\z - y(u )\ 6 



\z-y(u )\ 4 



y^iup) y v {u ) , _ ( uA>] (z -V (un)) d2ya ty 0) 



\z-y(u )\' 



\z-y(u )\ 4 



W[C}. 
(2-23) 



These coefficients are again determined by the tracelessness and divergencelessness 
condition. The former condition is trivial, and yields 



6i + 2b 2 + h + 46 4 = 0. 



(2-24) 



The latter condition again is less simple, and we require only that the strongest 
singularity 0(z — y(uo))~ A vanish, together with the results of the previous analysis. 
This gives 

d»[{T, v (z)W[C]U + (T^(z)W[C]) c3 \ 



24vr 2 

+ (&4 + 0,2 



-(a 3 + 6i+46 2 + 46 4 ) 



(z u - y u (u ))[{z a - ya(u )) d2y ^ o) } 

Z - y(«o)| 6 (l - (Z a ~ y a («o))*5j!2l; 
dip 



+(— a 2 - 62 + ^3 - &4 
+ (63 + h 



z -y( Uo )|4(l_( Za _ yaM )^ol) 



z-y(n )| 4 (l-(z Q -y a K))^S^; 
i z « - IM^oJJ— ^2 3^- 



\ Z - y( U0 mi - ( Za - ya ( UQ ))^gpi 

This gives the condition 

a 3 + 61 + 46 2 + 46 4 = 0, a 2 + 64 = 0. 



W[C\. 



(2-25) 



(2-26) 



The conditions (2-20), (2-21), (2-24) and (2-26) determine the coefficients up to two 
free parameters: 

ai = q, a 2 = -2q, a 3 = -2q, 



b 1 = -2q-2q f , b 2 = -q+^, b 3 = -Aq + q' , b A = 2q. (2-27) 
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The remaining contribution to the divergence is cancelled together with the terms 
in the OPE with weaker singularities. But we do not pursue their explicit form, 
because they do not affect the conformal Ward identities. 

2.1.3. Terms with singularities of 0(z — y{up))~ 2 

We next consider the singularities of 0(z — y(up))~~ 2 . However, it can be shown 
that these singularities do not contribute to the conformal Ward identity using di- 
mensional analysis. In performing the spherical integral in the conformal Ward 
identity (2-9), we utilize the following formulae: 



(1) 



S 2 (u ) 

f 



dQn, 



>S 2 (u ) 



dQn p (z u - y v (u ))(z p - y p (u )) = 0, 



(2) / dQn p {z v - y u {u )) = — — I g pv - - 
Js 2 (u ) 3 V du du 

(3) / dQn p {z v - y u (u ))(z p - y p (u ))(z x - y x (u )) 

J S 2 (u ) 



47re 3 / _ dy^up) dy v {u Q ) 



(2-28) 
(2-29) 



47re 
"Iff 



■5 r 



, s , dy p (up)dy u {up)dy p {up)dy x {up) 



g^- 



dy P {up) dy x (up) | dy u {up) dy x (up) | dy v (up) dy p (u ) 
du du ® w du du ^ x du du 



9px 



dy p (up) dy p {up) dy p (up) dy p (u 



du 



du 



+ g»x- 



du 



du 



■ + gy P 



du du 
dy P (u ) dy x (u 



du 



du 



(2-30) 



Here, e is the radius of the S 2 (uo) sphere. The proof of these formulae is given in 
full detail in Appendix A. The formula (2-28) indicates that all we have to do is 
to verify that the power D is an even number. Since 0(z — y(up))~ 2 is the order 
of the weakest singularity contributing to the conformal Ward identity, neither the 
correction of the measure C nor the positive power of (z v — y u (up)) in the conformal 
Killing vector contributes any longer. The powers of the ingredients of the OPE 
must satisfy B + 2C + 2F = 2, so that 



(B,C,F) = (2, 0,0), (0,1,0), (0,0,1) 



(2-31) 



B is thus restricted to be an even number, and we found above that A+B+C +D and 
A+3C must be even numbers. It immediately follows that D is also an even number, 
and hence that the terms with singularities of 0(z — y{up))~ 2 do not contribute to 
the conformal Ward identity. 

2.1.4. The absence of an anomalous dimension in the Wilson loop 

We have hitherto derived the contribution of W[C] itself to 0(z — y(up)) 3 , with 
two parameters q and q'. We have 



(T pu (z)W[C]) c 



(T^(z)W[C]) c4: + (T^(z)W[C]) c3 + (T^(z)W[C]) c2 



24vr 2 



\z - y(u )\ £ 



gpv - 2 



dy P {up) dy u (u ) 



du 



du 



+ 
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_ 2 - y^( u o)){zu - yu{u )) 

1 



24vr 2 



, W[C] 
z-y{u )\ 2 J\ 



(2-32) 



-2(? + <7 



k - 2/Oo)l 6 



+ 



J\ (z, - y^ Uo ))^pl + {z u - V^))—^ 

2 



\z-y{u )\' 



I ( iq I g') d " d " 



|z - 2/(«o)| 4 



k - 2/(«o)|" 



W[C] + O(z-y( U0 )Y 



(2-33) 



We now evaluate the conformal Ward identity (2-9) for the contribution of W[C] itself 
with respect to the translation, dilatation and the special conformal transformation. 
We utilize the formulae (2-28) — (2-30) in the spherical integral over S 2 (uq). Note 
the following three points in the computation. 

• Even powers of z M — y M (uo) do not affect the result, as seen from the formula 
(2-28). 

• The quantity dya ^ o) d2y ^ o) vanishes, because \ d ^ 1 \ = 1. 

• The positive power of e does not contribute, because we set the radius of S 2 {uq) 
to be a small value. 

First, we compute the conformal Ward identity for the translation, and verify that 
the translation does not have an anomaly: 



/ d 4 zd»[(T„ u (z)W[C]) c e] 
Jm 



I - (z a - y a {uo)) 



d 2 y a (u ) 
du 2 



(T M „(z)W[C]) c f 



J duodfln' 1 

-J du dQ{z a - ya(u )) d2y 2^ ] ] - n»(T^(z)W[C]) c4 e 
+ [ duvdnn»(T^{z)W[C\) c?) e 



47re 3 



24vr 2 e 4 3 



dur 



9^u g^ a 



dy^(u ) dy a (u )\ d 2 y a (u ) 



du 



du 



du 2 



du 

-2 ( g va - 
1 47re 3 



du 



dy^(u ) dy a (u )\ d 2 y a (u ) 



du 



du 



du 2 



dyv(u ) dy a {u )\ d 2 y a {u ) 



du 



du 



du 2 



ew\c\ 



24vr 2 e 4 3 



duQ 



■2(9 + q) (g, 



du 



du 



dy v {uo) dy a (u )\ d 2 y a (u ) 



du 2 



-e 
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(_ i\( ix dy^{u Q )dy^{uo) \ d 2 y v (u ) 
+ \ q + 2j\ 9 » du du ) dv? K 



+(-4q + g>-\ dy »( u °} d ^("o) ( gi i _ dy^uo) dy a {u ) \ d 2 y a (u Q ) 
du du V a du du J du 2 



dy u (uo) dy a (u )\ d 2 y a (u ) h 

+ %q g va f 

du du J du 



W[C] 



We next perform the computation of the conformal Ward identity for the di- 
latation. This computation is similar to that for the translation. We separate the 
conformal Killing vector according to the power of [z v — y u (uo)) as 

v v {z) = z v = y»(u ) + (*" - y"(u )). (2-35) 

We then compute the conformal Ward identity as follows, and we find that, like the 
translation, the dilatation of the Wilson loop does not possess an anomaly. 

/ d 4 zd» [{T, v {z)W[C]) c \z»\ 
= J du df2n»[l - (z a - y a {u Q ))^^]{T^{z)W[C})c\[y v {u Q ) + - y> ))] 



du df2(z a - y a (no))^Q^n^T^(z)W[C}) cA Xy^uo) 



+ / duodf2n"(T lxl/ (z)W[C}) cA \(z 1 ' -y^uo)) 



J du Q dQn^{T^{z)W[C]) c?) \y v {u ) 

j dU0 (i + ^^^m) W[C] 



67re 

qX t duo (l- dyU j Uo)dy f° r )W[C]=0. (2-36) 



6ire J \ du du 

Finally, we perform the computation of the conformal Ward identity for the special 
conformal transformation. We again separate the conformal Killing vector in terms 
of the power of z v — y u (uo) as v u (z) = Vq + v\{z) + v^iz), where 

v» =2y»(u )(b a y a (u ))-b»(y(u )) 2 , 
v v x {z) = 2{z a - y a (u ))(b a y»(u ) - b»y a (u )) + 2(*" - y u (u ))(b a y a (u )), 
v%(z) = 2b a (z a - y a (u ))(z» - y»(u )) - b v {z - y(u )) 2 . (2-37) 

The computation of the conformal Ward identity again reveals that the special con- 
formal transformation of the Wilson loop does not possess an anomaly: 

/ d 4 zd»[(T^(z)W[C}) c v»(z)] 
Jm 
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(Z a ~ y a (uo)) ^ 

d 2 y a (u ) 



{T» v {z)W[C]) c v»{z) 



= J duQdfin 11 

= -J du df2(z a - y a { UG ) f y 2T ] ^{T^{z)W[C\) cA v^ 
+ f duodnn^iT^WiC^v^z) 
+ / du df2n»(T^(z)W[C}) c3 v» 



Gtt, I dU ° d2V dl* 0) I^W^W) ~ b»(y(u )) 2 }W[C] 
-3^ / cMM>o))W[C] 
= -£ J du (l - dy 2° )dV t 0) ) ^y a M)W[C] = 0. (2-38) 

We have come to the conclusion that the Wilson loop possesses no anomalous 
dimension for the translation, dilatation and the special conformal transformation, 
although the OPE itself has a non-trivial form (2-32) and (2-33). The Wilson loop 
is dimensionless in the classical theory, and this result indicates that the same holds 
true in the quantum theory. 

2.2. Contribution of the terms with the field insertion to W[C] 

In the previous section, we have considered the contribution of W[C] itself. The 
next step is the analysis of the terms with the insertion of the fields A^(y(uo)) or 
4>i(y(uo)) into W[C]. We investigate how the fields are inserted into W[C] by means 
of dimensional analysis. The vector field A^(y(uo)) must appear in a gauge invariant 
way, and we require that the vector field contribute in terms of the field strength 
F^ u (y(uo)). We also require that the scalar field (f>i(y(uo)) be accompanied by 9 1 (uq). 
We again list the possible ingredients of the terms: 

dy^,(u )\ (d 2 y fl (u )\ (d 3 y ll (u ) 
du 

( Zll - yil ( Uo )) D , ^ —±— J , (F^(y(u ))f, (D a F^(y(u ))) H , 

(fl'M&G/M))', (0 < (uo)^&(j/(«o))) j . 
^^^(f(«o))J . (My(uoM(y(u ))) L ,--- 

Dimensional analysis restricts their powers as follows. 

1. Each term must have dimensions of (length)" 4 . The fields F fll/ (y(uo)) and 
(f>i(y(uo)) have dimensions of (length) -2 , and (length) -1 , respectively, and this 
gives the condition -B - 2C + D - E - 2G - 3H - I - 2 J - 2K - 2L = -4. 

2. The weakest singularity contributing to the conformal Ward identity of the 
Wilson loop is 0(z - y(u ))~ 2 , so that D — E < —2. 
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3. The other constraints are almost the same as in the previous case: 
A, B,C,G, H, I, J and K must be or positive integers. 

4. Since the OPE is a tensor of rank two, A + B + C + D + 2G + 3H + J is an 
even number. 

5. Invariance under the exchange u — > — u requires A + 3C + G + H + K to be an 
even number. 

The first two conditions lead to B + 2C + 2G + 3H + 1 + 2 J + 2K + 2L < 2. Therefore, 
the possible powers are 

(B, C, G, H, I, J, K, L) = (0, 0, 1, 0, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0, 0), (1, 0, 0, 0, 1, 0, 0, 0), 

(0,0,0,0,0,1,0,0), (0,0,0,0,0,0,1,0), (0,0,0,0,0,0,0,1), 
(0,0,0,0,2,0,0,0). 

This indicates that the vector fields and the scalar fields are not inserted simultane- 
ously, and we consider their contributions separately. 

2.2.1. Contribution of the Vector Field 

In this case, the powers of the fields are (B, C, G, H, I, J, K, L) = (0, 0, 1, 0, 0, 0, 0, 0) 
and A is an odd number. The possible form of the terms including the vector field 
is determined to be 



(T, u (z)W[C]) Yec = ^TrPw L>U0 



+ (z v ~ yu(u ))F^ a (y(u )) 



N "' Uo Att\z - y(u )\ 3 
dy a (u ) 



ai [ {Zfi ~ yfi{uo))F ua (y(u )) dy ^ 



+a 2 g tJ ,u(z a - y a (u ))F a/3 (y(u )) 



du 

dyP(u ) 



du 

+a 3 (z a -y a (u )) ^ a (y(u ))^^ + F ua (y(u ))^^ 
where is the piece of the Wilson loop given by 

rb 



Wu ,o, (2-39) 



Wh a = exp 



£ du^iAMu))^^ + Mv(vW(u)} 



and L is the length of the Wilson loop. The coefficients are determined by the 
following conditions. First, the tracelessness condition of the energy-momentum 
tensor immediately gives 

2ai + 4a 2 - 2a 3 = 0. (2-40) 

In considering the divergence, we again require that the strongest singularity vanish, 
because the subleading terms may be cancelled by the terms in the OPE with weaker 
singularities: 
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+ F ua {y(uo)) 



z - y(uo)\ 2 

dy a (u ) 



du 



du 



Wu ,o + 0{z - y(uo))~ 



The cancellation of the most singular part gives the condition 

ai + a 2 = 0. 



(2-41) 



Finally, we require that this reproduces the conformal Ward identity with respect 
to the translation. The mere translation of the Wilson loop should not have an 
anomaly. Since we are considering the contribution of the vector field, we expect the 
result to be 

l^T^mc^e - -/* O va r. (242) 

where ( ^pT^j )vec is the variation of the Wilson loop under its deformation, — > 
y fJi (s)+5y fJi (s), with only the vector fields involved. Here, we do not use the arc length 
parameter u$ but, rather, the general parameterization s, because the deformation 
of the Wilson loop cannot be defined in the arc length parameter. This is due to 
the fact that the length of the Wilson loop changes under the deformation. The 
relationship between the arc length parameter and the general parameterization is 



duo 
ds 



ds 



Then, the deformation of the Wilson loop is 



(SW\C]\ 
\Sy"(a)J 



vcc 



^TrPw 2w , s iF ua (y(s)) dy d ^ w St o, 



(2-43) 



(2-44) 



where a is the piece of the Wilson loop in terms of the parameter s defined by 



Wb,a = exp 



j\s\iA^s)) d ^ + \ d ^\Uy{sW{s) 



ds 



ds 



, (2-45) 



and the range of the parameter s is < s < 2ir. 

Originally, the deformation of the Wilson loop is 



\Sy u (s)J 



N 

d_ 

ds 



N 



TtPw 2nyS { l (y(s))9 t (s 



dy a {s) ,o?y M (s) t 

\9i(s)D v <l> (y{s)) 



w s ,o 




ds 



W s ,0 

(2-46) 



as proven in Appendix B. But we separate the deformation into the contribution 
of vector field and the scalar field for convenience. We refer to the former terms as 
v^t^yivec- 
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Computing the conformal Ward identity of the translation for the OPE (2-39), 
we obtain 

f d 4 zd^T^(z)WlC]) vec ^ 
JM 

:! ( ' dy>*(uo) <%(u )\ , . dy a (u ) 



+fl2 (> - dy ^ o)dy 2 o) ) ^M)^r 

+a 3 (<r - ^ o) ^r o) ) (^a(y(«o))^ + ^(y(«o))^) e 



.4ai+a 2 dy°(ii ) 
TtPw;l iUo z F ua (y(u )) — ^ — £ ^« ,o- (2-47) 



Comparing (2-47) with (2-42), we obtain the constraint 

4ai+a 2 = -3. (2-48) 

The coefficients are determined by the three constraints (2-40), (2-41) and (2-48) as 

( ai ,a 2 ,a 3 ) = (-1,1,1). (2-49) 

Similar computations of the conformal Ward identity for the dilatation and the spe- 
cial conformal transformation give only the deformation of the Wilson loop. We omit 
the process of the computation, because we have only to replace with y u (uo) and 
2y u (s)(b a y a (s)) — b u (y(s)) 2 for the dilatation and the special conformal transforma- 
tion, respectively: 

(Dilatation) / d 4 zd»(T„ u (z)W[C]) vec \z" 
JM 

( SW[C} \ 



nWJvec A?AS) ' (2 ' 50) 

(SCT) / d 4 zd^T^(z)W[C}) V ec(2z u (b a z a )-b u z 2 ) 
JM 

= ~J ds^^^j2y^s)(b a y a ( S ))-b^y(s)n (2-51) 

These results correspond to the term d^O) i n the OPE of the 2-dimensional CFT 
(2-6), which gives the replacement of the position of A(w) in the conformal Ward 
identity. 

2.2.2. Contribution of the Scalar Field 

We next consider the insertion of the scalar field. In this case, the pattern of 
the possible terms possesses more variety than in the case of the vector field. The 
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possible powers are now 

(B, I, J, K, L) = (0, 1, 0, 0, 0), (1, 1, 0, 0, 0), (0, 0, 1, 0, 0), 
(0,0, 0,1,0), (0,0, 0,0,1), (0,2, 0,0,0), 



(2-52) 



and the other powers are C = G = H = 0. In this case, the singularities of both 
0(z— y(uo))~ 3 and 0(z— y(uo)))~ 2 appear. We separate the terms with the insertion 
of the scalar fields as 

(T,Az)W[C]) sca = (T^(z)W[C]) sca3 + {T, v (z)W[C]) sc&2 . (2-53) 

Here, (T^(z)W[C]) scs ^ and {T^ u (z)W[C]) sca2 denote the terms of 0{z - y(u ))- 3 
and 0(z — y(uo)))~ 2 , respectively. 

We first list the powers of the possible terms with the singularity 0(z — y(iio))~ 3 - 
The vanishing powers are B = C = G = H = J = K = L = 0. As for the other 
powers, 1 = 1, and A, D are even numbers. The possible form of the OPE is thus 



(T^(z)W[C]) sca3 



h(u )<fi l (y(u )) 



N 



TlPWL > U0 24«\z-y(u )\z 



bl9ixiy + b 2 



[z^ - y fl {u ))(z l/ - y u (u )) 



+ b 3 



dy^uo) dy v (u ) 



du 



du 



(2-54) 



These coefficients are determined by the tracelessness and divergencelessness condi- 
tion and the conformal Ward identity. The tracelessness condition gives 



4&i + b 2 + b 3 



0. 



(2-55) 



We again require that the most singular part of the divergence cancel. Taking into 
account the fact that the derivative operates on the pieces of the Wilson loop wl, Uo 
and w UQ fi, we have 



d»(T^(z)W[C]) sca3 = ^TtPw l , U0 



{uo)4> l {y{uo)) ( (3bi + b 2 )(z u -y u (u )) 



24vr 



\z - y(u )\ 5 



-bo 



+b 3 - 



(Z a ~ y a (u ))(z v 



\z - y(u )| 5 (l - (z a - y a ( Uo ))^) 



d 2 y v (u ) 
du 2 



z -y(u Q )\*{l-{z a -y a {u Q ))^g^)) 



big^v + b 2 



24vr|z - y(n )| 3 (l - (z a - y a (u )) d ^^ 
' Zji - y^{uo)){z, 



yv(u Q )) dy^uo) dy u (u ) 
• — 



u>u ,o- (2-56) 



\z — y(uo)\ 2 du du 

We require that the most singular part vanish, and we thus have the condition 

3bi + b 2 = 0. (2-57) 

The next step is to analyze the terms with singularities of 0(z — y(uo))~ 2 . Here, 
we list the possible powers of the terms. 
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1. B = I = 1, J = K = L = 0: In this case, A is an even number and D is an odd 
number. 

2. J = 1, B = I = K = L = 0: A is &n even number and D is an odd number. 

3. K = 1, B = I = J = L = 0: Both ^4 and D are odd numbers. 

4. L = 1, B = I = J = K = 0: Both A and -D are even numbers. This term 
is understood not to contribute to the conformal Ward identity for the same 
reasoning as in the case of {T^ u {z)W[C]) c 2- The singularity of this contribution 
is 0(z — y(uo))~ 2 , and only an even power of the tensor (z^ — y^uo)) is possible. 
Therefore, this case is not relevant. 

5. 1 = 2, B = J = K = L = 0: Both A and D are even numbers. We exclude this 
contribution for the same reasoning as above. 

The possible form is thus determined to be 



1 

N' 



= -TrPw L , U0 



Oi(u )^(y(u )) f ( d 2 y u (u ) (Py^uo)} 



dy a (u ) 



+C 3 



- y»( u o))( z v - yu(uo))(z a - y a (uo)) dy d $ o) 
\z - y(u )\ 3 



dy^{u ) dy u (u ) , , A sd 2 y a (tio)l 



cs (Zf, - y M («o)) — i h - yv{uo))- 



24ir\z — y(uo)\ 3 \ du du 

Oi(u ) 



- y^(u ))D u (j) l (y(u )) + (z„ - ^(n o ))D M l (y(u o ))] 



24vr|z - y(u )| 3 
+d29nv{z a ~ ya(u ))D a (f> l (y(u )) 

{zn - y^{uo))(z u - 2/„(Mo))(z a - y a (u ))D a (j) l (y(uo)) 



+d 3 - 



\z-y(u )\ 



2 



. , dy^uo) dy u (u ) , , ^ nQ -i// ^ 

+d 4 — 3 (z a - y a {u ))D a (f) l (y(uo)) 

du du 

~du — ' ^ (y("o))) 1 ~ ^( n o)) dtt + ~ M"o)) ^ ) / "•»„.()■ 

(2-58) 

The tracelessness gives the conditions 

2ci + 4c 2 + c 3 + c 4 = 0, 2di + 4d 2 + d 3 + d 4 = 0. (2-59) 



In the analysis of the divergencelessness, we require the strongest singularity of 
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0(z — y(uo)) 3 to vanish together with the previous analysis: 



& i (T IJH/ (z)W[Cf\) 8 c & = ^TvPw L , U0 

d 2 y v (u ) 
dip 



Qi{uo)<t> l (y{uo)) 
24vr|z-y(u )| 31 



h + Cl + C2J 



\ Z -y( Uo )\^l-( Za -y a (u ))^pl) 

\ z - y( U0 )\Hl - (z a - y a (u )) d ^gP±) 



+- 



i(«o) 



24vr 



(di + da) -3 



(fa ~ j/a(^p))(^ ~ yu(up))D a (p t (y(uo)) 

\ z -y(uo)Hl-(z a -y a (uo))^^) 



+ 



|^- y (no)|3(l-(^-y Q (« ))^2)) J 



w« ,o + £>(z - y(u )) 



-2 



The divergencelessness thus gives the condition 

bs + ci + c 2 = 0, di + d 2 = 0. 



(2-60) 



(2-61) 



We next investigate the conditions to reproduce the conformal Ward identity 
with respect to the translation. Since the translation should not have an anomaly, 
the conformal Ward identity is expected to be 

= ~N ! du ^ Pw LMM^)D u (t> l {y(uo))i v ]w uoflj (2-62) 



where 



' 8W[C] 
- 6y" (s) 



sea is the scalar field contribution to the deformation of the Wilson 



loop (2-46): 



( SW[C] \ 
\6y u (s)J 



sea 



1 

N 

d_ 

ds 



TrPw 2 ~ 



ds 



W s ,0 



dy v (s) 
ds 

ds 



W s ,0 



. (2-63) 



We compute the conformal Ward identity for the translation utilizing the formulae 
(2-28) - (2-30). 



d A zd»{T^{ Z )W[C]) sc& e 



M 



J du Q dQn» (l - (z a - yM ^^A (T^)W[C]) sca ( 
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hi 



duTiPwL 



Uo 



18 



[di + d 2 + d 3 + 3d 5 ) — D <p (y(u )) 



du 



{Adi+d2 + dz)D v <t> l {y(u Q )) 



du 



Oi(.uo)<t> i (.y(uo)) 



+ 



18 

3c 5 / d6i(y(u )) 



(-h -b 2 + 4ci + c 2 + c 3 ) 



d 2 y„(uo) cv 



du 2 



18 V 



\v(u,)) d -^e 



du 



Wuofl 



4/ 



duTrPw L 



i(uo) 



- (di + d 2 + d s + 3d 5 + 3c 5 ) 



|8 ( y (4d 1 +d 2 + d 3 )D l/( f) i (y(uo)) 
dy a (u ) dy u (u ) 



du 



du 



D a <j>\y(u )) e 



t(M O )0'(j/(Mo)) 

18 



(-61 - b 2 + 4ci + c 2 + c 3 - 3c 5 ) 



d 2 yu(u ) v 



du 2 



Wuofi- 



(2-64) 



This requirement gives the conditions 



4cq +d 2 + d 3 = -18, 
di+d 2 + d s + 3d 5 + 3c 5 = 0, 
-26 3 + 4ci + 4c 2 + c 3 - 3c 5 = 0. 



(2-65) 



We have obtained only nine equations (2-55), (2-57), (2-59), (2-61) and (2-65), 
while there are 13 coefficients to be determined: b±, ■ ■ ■ , 63, c\, ■ ■ ■ , C5 and d±, ■ ■ ■ , c/5. 
It is impossible to determine all the coefficients only by general requirements. 

We next assume that the conformal Ward identity for the dilatation represents 
only the deformation of the loop. We expect the conformal Ward identity to be 

j M *ar a," = - / * (^) VM 



= — y <fu ( |TrPio L ,„ o [e j (u (1 )D''0 , ( ! /(u (1 ))i/ 1 ,(ii o ) + , ( ! /(u (1 ))e j (tio)]a.„ o ,o. (2-66) 

Substituting (2-54) and (2-58) into the conformal Ward identity and utilizing the 
formulae of the spherical integration (2-28) — (2-30), we have 

/ d A zd»[{T, v (z)W[C]) sca \z»\ 
JM 

= J du Q dQn» (l - (z a - yM) d2y 2 2 0) ) (T^)W[C}) sca X[y"(u ) + (*" - y> ))] 



OPE T flu (z)W[C] mjV = 4 Super- Yang- Mills theory 

= -j du df2n»(z a - y a (u ))f^Qpl(T^(z)W[C]) sca3 Xy v (uo) 
+ f du dnn^{T^{z)W[C]) sc ^\{z v -y v {u Q )) 

+ 
A 
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J du df2n»(T^(z)W[C]) sca2 \y u (u ) 
J du TrPw LtU0 



i(uo) 
18 



(4di + d 2 + ^"(uoJA^G/to)) 



(* + d 2 + d 3 + 3d 5 )%^^^n(n ))n>o) 



(in 



(in 



+ 



9i(uo)(j) l {y(uQ)) 
18 

3c 5 / d9i{u Q ) 



{-b\ -b 2 + 4ci + c 2 + c 3 ] 



d 2 n"(n ) 
du 2 



Ua(uo) + (3&i + 36 2 ' 



18 



(in 



<p (y( M o)) — j — ?/ («o) 



(in 



iV 



duoTrPwi. 



i(uo) 
18 



((4cZi + d 2 + d 3 )n> )A^(y(n )) 



- (d! +d 2 +d 3 + 34 + 3 C5 )^#^^#^D> l (n(n ))n^(n ) 



dn 



du 



Oiiuo^iyjuo)) 
18 



((-6i - 6 2 + 4ci + c 2 + c 3 - 3c 5 ) 



dV(«o) 



dn 2 



Va(uo) 



+(36i + 36 2 - 3c 5 )) n UOj0 - 

Comparing (2-67) with (2-66), we obtain the new constraint 

3&i + 36 2 - 3c 5 = -18. 



(2-67) 



(2-68) 



We still have not obtained sufficient constraints on the coefficients. However, we 
can verify that, once we assume that the Wilson loop undergoes only a deformation 
for the dilatation, the same is true for the special conformal transformation. By 
imposing all the constraints, the coefficients can be expressed in terms of the three 
free parameters a, 3 and 7 as 

a 3 3a 3/3 a 3 

h = 2 + -, & 2 = -6 + — + — , 6 3 = -2+ -, 

10 2' 10 2 10 2' 

ol 3 7 a „ 7 3a ^37 

a 



c 4 = -3 + 7, c 5 = 2 + - - 3, 

5 

a a 
di = -4 + -, d 2 = 4- -, d 3 



d 4 = -2 + a, d 5 =/?. (2-69) 

5 



The conformal Ward identity with respect to the special conformal transformation 
is computed to be 



/ d A zd»[{T, v {z)W[C\) sca (2z»(b a z a ) - Vz 2 )] 
Jm 
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I 



ds 



( 5W[C\ 
\Sy»(s) 



[2y»{s){b a y a {s))-b»{y{s))% 



(2-70) 



sea 



independent of the values of a, (3 and 7. 
2.3. Summary of the result 

We have investigated the general form of the OPE T^ u {z)W[C] by means of 
dimensional analysis, the scale invariance of the theory and the conservation laws of 
the energy and the momentum. We have imposed the condition that the conformal 
Ward identity for the translation represent a mere shift of the loop, which is, per 
se, a natural physical requirement. We have further assumed that the same is true 
of the dilatation. Then, the general form of the OPE is determined up to five free 
parameters: 



T„ v {z)W[C] = (T^(z)W[C}) c + (T^(z)W[C}) vec + (T^(z)W[C}) 



sea 



+ 



24tt 2 
1 

24vr 2 



\z - y(uo)\" 



_ O dy^(uo) dy u (u ) _Az^- yp(uo))(z v - y„{uo)) 



du 



du 



\z - y(u )\' 

d 2 y a (u ) 
1 — 



W[C] 



+ 



0( , W - y^{u )){z v - yy{u ))(z a - y a (u ))^ 

{q + q) \z-y(uo)\ 6 



+ 2 



q'\ (^-l/,N)^r + (^-l/,N) 



\z - y(u )\ 



4 

'2„, a I 



+2qg, 



\z - y(u )\ A 
(z a - y a (u )) d ^l 



+ -TxPw L)U0 



\z - y(«o)| 4 
i 



W[C] + O(z-y(u )r 2 

dy a (u ) 



Att\z - y(u )\ 3 



■(Zfi - y^(uo))F ua (y(u )) 
dy a (u ) 



du 



+g^(z a -y a (u ))F a p(y(u )) 



du 
dyP(uo) 



du 



+ (z a -y a (u )) (F MQ ( y (n ))^#^ + F ra ( y (n ))^ (Uo) 



+ -TrP^ L , U0 



du 

n a (5 

2 h - 

10 2 



du 



w Uo ,o H 



x yg^ v - 3 
i(u )(j) l (y(u )) 



g»(tto)^(y(tto)) 
24ir\z - y(u )\ 3 

(zy ~ yjxMKzu - yu(u )) dy^up) dy v {u ) 



\z - y(u )\ 2 

a (3 

To ~ 2 + ~> 



1 + ~ I + 1 ) ( ( z m - ^(«o)) 



du du 
d 2 yv{uo) 



2Air\z — y(uo)\ 3 

+ ( 1 - g + /3- g ) g^( z a - y a (uo)) 



du 2 



+ [z v - yu(u )) 



d 2 y^(u ) \ 

du 2 J 



dy a (u ) 
du 2 
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, / „ 3a 37^ - y^(u ))(z u - y v {uo)){z a - y a (u )) dy 2T ] 

+ \ 3+ 5 ^ 5 J \z-y(u )\* 

+ (" 3 + t)— x; z— ( z « - !/<*(«<>))■ 



(in dit 



d9j(uo) 
du 



<9i(«o) 



24vr|z -y(u )| 3 



4 + - ((^ - y M K))lW(y(«o)) + - ^(uo))-D M ^(y(«o))) 



+ ( 4 - - ) ^(« a - y a (u ))Z? a ^(y(u )) 



+ -6 



3a ^ - j^(tfo))(^ - ^(^o))(^ a - y a {u ))D a (f) t (y(u )) 

\z - y(uo)\ 2 

(z a ~ ya(u ))D a (p t (y(uo)) 
dy v (u ) 



+ (_2 + a ) d ^( n o) rf ^(^o) 



+^(D^( y ( tt0 ))) - y > )) ^ 



+ - 2/t/(«o)) 



dy^(u ) 
du 



U>u ,0-\ • 



(2-71) 



These free parameters may depend on the coupling constant, and their meaning is 
discussed in § 4. We have reached the conclusion that the conformal Ward identity 
represents only the deformation of the Wilson loop and that the Wilson loop does not 
possess an 'anomalous dimension', irrespective of the values of the free parameters: 

(Translation) d A d» z[T, u (z)W[C]C\ = - j ' ds (^Sr) C, (2-72) 



(Dilatation) d^d^T^W^Xz"} = - J ds (^t|SJ) 



(SCT) / d*zd»[T^(z)W[C]{2z»(b a z a )-Wz 2 )} 
Jm 



IM 

= - I ds 



(^B.){2y^s)(b a y a (s))-b^y{s)) 2 ). 



(2-73) 



(2-74) 



§3. OPE in the 17(1) SYM theory 

In this section, we consider the OPE T tlv {z)W[C] in the J7(l) SYM theory in 
order to confirm the result of the previous section by an explicit computation. The 
bosonic part of the Lagrangian of the U(l) SYM theory is 



2G 2 



\^ v 9 aP F, a {z)F uP {z) 
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(3-1) 



where the field strength is now F^ v (z) = d fJi A l/ (z) — d l/ A fl (z). The terms proportional 
to the scalar curvature are necessary in order for the theory to be scale invariant. 
The energy-momentum tensor in the Euclidean flat space is 

1 





1 " 




G 2 . 




1 " 


+ 




G 2 






+ 


6G 21 



^ a (z)F u a (z) 



-g^F a p{z)F<*P{z) 



1 



(3-2) 



where □ denotes the Laplacian in flat space: □ 
of (3-2) in Appendix C. 

We adopt the Feynman gauge, in which the propagators are 

{A,{z)A v {w)) = ^j-^-to, (Mz)*iW) 



d^da- We present a quick proof 



47T 2 (z 

The Wilson loop in the U(l) SYM theory is 

du < 



4tt 2 (z 



w) 



W[C] = TrPexp 



c 



, , , ..dyV(u) 



iiuW(y(u)) 



(3-3) 



(3-4) 



where u is the arc length parameter of the Wilson loop satisfying | \ = 1 and u 
is in the range < u < L. 9i{u) are again chosen to satisfy 9i(u)6 l (u) = 1. 

We evaluate the operator product T fMU (z)W[C] using Wick's theorem, and then 
perform the integral by expanding the quantities about the y^uo), the nearest point 
on the Wilson loop to z^. Although the range of the arc length parameter of the 
Wilson loop is actually finite, we can approximate the Wilson loop by an infinitely 
long straight line, because we are only concerned with the situation in which the 
point z^ is in the vicinity of the Wilson loop in considering the conformal Ward 
identity. We expand the operator product to 0(z — y(uo))~ 2 . However, for the 
contribution of W[C] itself, we compute only to 0(z — y(uo))~ 3 , because in this case 
the terms with singularities 0(z — y(uo))~ 2 have been found not to contribute to the 
conformal Ward identity in the previous section. We give the detailed computation 
in Appendix D, and we only quote the result: 

G 2 [ r. dy^uo) dy v (up) 

!lil!> - 



r^{ z )w[C] 



-2 



-2 



24ir 2 \z 
(Zp - yn(u ))(zu 



y(uo)\ 4 

- Vv{uo)) 



du 



du 



\z - y(u )\ 2 
y^(uo))(zu - yv{uo)){z c 



y a (u )) d 2 y a (u ) 



(z^-y^uo)) 



\z - y(u )\ 2 
d 2 y„{u ) 



du 2 



+ (z u - y u (u )) 



du 2 
d 2 y^(u ) 
du 2 
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A dy^{u ) dy v (u ) d 2 y a (u ) 

AT {Za - yM) -d^- 



+2 g^u{z a - y a {uo)) — ^ — 



4ir\z - y(u )\ 3 



■(z» - y^(uo))F ua (y(u )) 



W [C] + 0(z - y(u ))- 2 
dy a (u ) 



(3-5) 



du 



-{z u - yu{uo))F^ a (y(uo)) 



dy a (u ) 



+9^(z a -y a (u ))F aP (y( Uo )) 



du 
dyP(uo) 



+ 
+ 



+ { Z °-y a (u Q )) (FMuo)) 



24ir\z - y(u )\ 3 
Oi{uQW{y{uo)) 
24it\z - y(u )\ 3 



du 
d y„(u ) 

du 



+ F va (y{u Q ))- 



du 



-Hl'i' D ^ „,(„,_ \\2 



\z - y(u )\- 
{z^ - y^(u )) d + ' ~ 



du du 

d 2 y»{u ) \ 
du 2 ) 



W[C] + ■■■ 

(3-6) 
W[C] 



d 2 y a (u ) 



+9au{z a - y a (u )) 



dy a (u ) _ fo, - - ^(n ))(zg - g tt (mi))^ 



du 2 



3 dy^uo) dy u (u ) 



du 



+ 
+ 



du 



12\z - y(u )\ 3 
Oi{u ) 



du 

(z/(«o)) 



(z a - y Q (u )) 



- y^uo)) 



du 2 

dy„(u ) 



\z - y(u )\ 3 
W[C] 

+ - yu(uo))- 



du du 
4((^ - y^{u ))d v (j) l (y(uo)) + [z v - y u (u ))d^(y(u ))) 



W[C] 



24n\z - y(u )\ 3 

+4c^(z Q - y a (u ))d a (j) l (y(uo)) 
Azu - y^(uo)){z u - yv(u ))(z a - y a {uo))d a (t) % {y{uo)) 



dy^up) dy u (u ) 
du du 



\z - y(u )\ 2 
(z a ~ y a (uo))d a (j) l (y(u )) 



W[C] + ■■■. 



(3-7) 



This result agrees with the general form (2-71) with the free parameters chosen as 

q = G 2 , q' = 0, a = /5 = 7 = 0. (3-8) 

§4. Concluding remarks 

We have investigated the OPE T fJjU (z)W[C] for the N = 4, 4-dimensional U(N) 
SYM theory. We have pursued the general form of the OPE using dimensional 
analysis and the conservation law of the energy-momentum tensor. The general 
form of the Wilson loop is given by (2-71) with five free parameters undetermined. 
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We have obtained the following two results with respect to the translation, dilatation 
and the special conformal transformation. 

• The Wilson loop does not possess an 'anomalous dimension'. This is analogous 
to the term ,_ iw y 2 A(w) in the OPE of the 2-dimensional CFT, with h being 
zero. In our case, however, the terms with W[C] itself emerge non-trivially in 
the OPE as (2-32) and (2-33), and yet they do not contribute to the conformal 
Ward identity. 

• The Wilson loop undergoes only a deformation. This result is reminiscent of the 
term j^dA(w) in the 2-dimensional CFT, which represents the replacement 
of the position of the operator A(w). 

We have derived the explicit computation of the U{\) SYM theory. This result 
reproduces the form obtained with the general analysis. In this case, the remaining 
free parameters are given in (3-8). 

Finally, we mention two future problems. The first is to pursue the OPE 
T^v^WlC] in terms of supergravity in AdS space. In this context, the expecta- 
tion value of the Wilson loop is computed by considering the string world-sheet 
terminating on the loop C. It is an interesting problem to extend this idea to the 
two-point function T /JU/ (z)W[C\. 




Fig. 4. We consider the two-point function T fiu (z)W[C] in the context of AdS/CFT. 

The second problem is to apply our result to the computation of the expecta- 
tion value of the Wilson loop, developed by Gross and Drukker. 7 ) They have found 
that the expectation value of the Wilson loop stems from the conformal anomaly 
of the inversion by comparing the expectation value of a straight line and that of 
a circular loop. We have attempted to interpret the anomaly of the special confor- 
mal transformation, which maps a straight line into a circle, in terms of the OPE 
T llv (z)W[C\. The advantage of the OPE T^ u (z)W[C] is that this is a gauge invari- 
ant quantity. Although we have not yet obtained a definite answer, we conjecture 
that the undetermined coefficients q and q' in the OPE (2-71) may be related to the 
expectation value of the Wilson loop. If we succeed in solidifying the interpretation 
of the conformal anomaly in terms of the OPE T fJiU (z)W[C], we may be able to gain 
insight into the gauge invariance of the result of Gross and Drukker. 
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Appendix A 

Proof of (2-28) - (2-30) 

This appendix is devoted to the proof of the frequently used formulae concerning 
the spherical integral. 

A.l. Integral in 3- dimensional Euclidean space 

Before we consider the integral over the sphere in 4-dimensional space, we in- 
troduce the formulae concerning the integral over the surface of S 2 in 3-dimensional 
Euclidean space 



2,2,2 2 

z 1 +z 2 +z 3 = e . 



The integrals over this sphere are given by 

(]/) / dfin a = I dfin a z b z c = 0, 
Js 2 Js 2 

{2')( dQn a z b 
JS 2 



4ne d 



Is 2 

f Aire 
(3') / dQn a z b z c z d = — r {o~ ab 5 cd + 5 ac S bd + 5 ad 5 bc ). 
Js 2 15 



47re 5 



(A-l) 

(A-2) 
(A-3) 
(A-4) 



Here, the indices a, b, c, • • ■ run over 
1, 2 and 3, and n a denotes the normal 
vector on the sphere. These formulae 
are derived by noting the symmetry of 
the integral. 

1. We first verify that the integrals 
(A-2) are zero. The former van- 
ishes because of the symmetry of 
the sphere. For the latter integral, 
the result must be invariant un- 
der the SO (3) rotation of the inte- 
grand, and thus the result should 
be 



Z i 




y 




d a \ 


8 ' X 

a 

n 



Fig. 5. We first compute the integral around 
the sphere as a simple example. 



/ dfln a z h z c oc e abc . 
JS 2 



(A-5) 



This manifestly vanishes because the integral is required to be symmetric under 
the exchange of z b and z c . 
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2. The key to the derivation of the integral (A-3) is to guess the final result from 
the symmetry. This must give a non-zero result only when the indices satisfy 
a = b, and therefore the result is determined to be 



I, 



df2n a zij = A5 a i, / dQn c z c . (A-6) 
Js 2 



C Z r . 



Is 2 

The coefficient A is determined to be | by contracting the indices a and b. And 
the integral on the right-hand side is evaluated using Gauss's theorem: 

/ dQn a z h = \5 ah [ dfln 
Js 2 3 Js 2 

=1+1+1=3 3 
= -S ab I d 3 x d c z c = ^-5 ab , (A-7) 

6 JB 2 o 

where B 2 denotes the region inside the sphere S 2 . 
3. The formula (A-4) is derived in much the same fashion. The symmetry con- 
strains the result to be invariant under the exchange of the indices b, c and d, 
and this integral is determined to be 



dnn a z h z c z d = A(5 ab 5 cd + 6 ac 5 bd + S ad 5 bc )- (A-8) 

s 2 

We are again left with the determination of the coefficient A. When we suppose 
that a = b and that c = d, the both hand sides are rewritten as 

(l.h.s.)= (y 2 df2n c z c ^j e2 = (/ 2 d 3 xd c z c ^j e 2 = 4vre 5 , 
(r.h.s.)= A(5 aa S cc + 25 ac 5ac) =i(3x3 + 3 + 3) = 15A 
Therefore, the coefficient A is determined to be and we obtain the result. 

A. 2. The integral over the enveloping surface 

We next extend the previous discussion to the integral over the enveloping surface 
wrapping the Wilson loop in the 4-dimensional Euclidean spacetime. 

In the evaluation of the conformal Ward identity, there frequently emerge the 
integrals (2-28) — (2-30). These are again derived by determining the forms through 
symmetry. 

1. It is clear that the integrals (2-28) vanish by noting the symmetry of the spher- 
ical integral. 

2. We verify (2-29) through covariance. The result should be 

/ dnn^z v - M«o)) = A 9 . v + B dy j U ^ dy j^ . (A-9) 
Js 2 (u a ) du du 

The coefficients are determined by considering the special case. This problem 
is made simpler by considering the system in which the Wilson line is a straight 
line parameterized by 

y^u) = (u, 0,0,0), (A- 10) 




as depicted in the right sketch in Fig. 6. The spherical integral thus reduces to 
the problem discussed in the previous section. 

• When u = 0, this integral vanishes, because the normal vector to the 
sphere is always perpendicular to the tangent vector dyp j^ ■ This gives 
the constraint A + B = on the coefficients when u is also 0. 
When neither \x nor v is 0, this reduces to the integral (A-3), and the 



3 



coefficient A is determined as A = ^jp 

Therefore, the coefficients are determined as (A,B) = (pp,— pp), and the 
result (2-29) is verified. 
3. The integral (2-30) is verified in the same manner, but this requires a somewhat 
tedious computation. It is clear that the result must be invariant under the 
exchange of the indices v, p, %. Also, the covariance constrains the result to be 

dfln^Zu - y v (up))(z p - y p (u ))(z x - y x {up)) 

S 2 (u ) 

- M 9 ^ x + + + B^^^^M 

+c ( dy p (u ) dy x (u ) | dy y {u Q ) dy x (u ) | dy y (up) dy p (u ) \ 

\ pu du du ^ p du du du du / 

+D f dy^jup) dy u (u ) dy p (up) dy p {up) dy^jup) dy x (up) 

\ px du du ® ux du du ® vp du du 



(A-ll) 



The coefficients A, B,C and D are again determined by considering the special 
case of the straight Wilson line. 

• When u = 0, the result again must be zero because the S 2 sphere is 
perpendicular to the zp direction. Therefore, (A-ll) must vanish if we 
multiply it by ^1 = *£: 



(A i dy u (u ) , dy p (up) ^ , j^o) 
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+ (B + 3C) 



dy u (u ) dy p (u ) dy x (u ) 



du du du 
This gives the constraints 

A + D = 0, B + 3C 



0. 



(A-12) 



(A-13) 



When x = an d ^ P = 1) 2, 3, this must vanish, because of the relation 



(A-2). In this case, (A- 11) is rewritten, by multiplying 



d Vx( u o) 
du 



'0 ' 



as 



dy P (u ) dy^(u ) dy u (u ) 



du 



du 



+ B 



dy P {u ) dy v {up) dy p (u ) 



du 



du 



dy P (u ) t n dy u (u ) dy p (u ) dy u (u ) dy p (u ) 



. n ( dy p (u ) dy u (m 
+ D ( 2 dyu{uo) dy v {u Q ) dy p (u ) + ^ 



du du 
dyujup) 



+ 



du du du du 
The coefficients are thus constrained to be 

-A = C = D, B + C + 2D 



du 



du 



(A- 14) 



0. 



(A-15) 



• Finally, we consider the case in which neither of the indices are 0. In 
this case, A is determined by identifying this case with the integral (A-4): 
A 



4tt<; 5 
15 



The coefficients in (A- 11) are thus determined to be 



(47re 5 Aire 5 Aire 5 47re 5 \ 
— ~ir )■ (A46) 



Appendix B 

Proof of (2-46) 



In this appendix, we present the explicit computation of the deformation of the 
Wilson loop (2-46). We deform the loop slightly as 



Va{s) -► y M (s) + %(s). 
The Wilson loop varies under this deformation as 



(B-1) 



.8y„(s) 



y u (s) y u (s)+5y u (s) 

Fig. 7. The deformation of the loop. 



W[C] -► — TrPexp 



L 



ds UA^{y(s) + 5y(s)) — 
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+ I^GfcOO + Sy^Wi{8Wi3l{8) + 6y(s)) 



= — TrPexp 
N 



J ds|iA M (y(a)) 



ds +i(d u A^y{s))) — 5y (s) 



+iA u (y(s)) 



d( ^ (s)) +^( S )^(y( S ))|-^ (s) 



+^(s)(^^(y(s)))|^^|^(s) 



1 dy v {s) (d{5y»{s)) 



(is 



= W[C] + / ^ds<5^(s)TrPw 27r , 

JO 

i^( s ). 



+ ^(s)(^(y(s)))|- 



ds 



ds 



i(d„A a {y(s))) 



W s ,0 



dy a (s) 
ds 
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2tt 







N 
1 /" 27r 



ds5y u (s) 



ds5y u (s) 
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ds 



{TrP(w 27T , s iA v (y(s))w sfi )} 



d_ 

ds 



vAs) I ds 

ds 



= W[C] + ^- ds5y u (s)TiPw 27Ty 



N 



iF va {y{s)) d ^ + e i {s)\ d ^\D v ^{y{s)) 



ds 



ds 



w s ,o 



1 /" 27r 



TV 



ds5y u (s) 



d_ 

ds 



TrP I ^giW^yW) ,^ 1 ^,^^ ^..) 



IfWfll ds 
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(B-2) 



We thus obtain the deformation of the Wilson loop as 



\5yv(s)J N 



2tt,s 



d_ 

ds 



ds ds 

dy v {s) 



W s ,0 



N 



TrPw 2 „, s { ^(s)^(y(s))- 



ds 
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Appendix C 

Proof of (3-2) 



This appendix provides a quick proof of the energy-momentum tensor of the 
U(l) SYM theory, as an example of enjoying an advantage of the scale invariance 
and the conservation law of the energy-momentum tensor. The result (3-2) can be 
obtained by differentiating the scalar curvature with respect to the metric. Here, we 
take a shortcut by imposing the following ansatz instead: 



I flat 



space 
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= ^[AdMUzWiz^+Bg^n^iz^iz))}. (C-l) 

The coefficients A and B should be determined by the tracelessness and divergence- 
lessness condition of the energy-momentum tensor. The energy-momentum tensor 
in the Euclidean flat space is 



T (z) - ±°£- - ± 



+(d^ l (z)){d u 4>\z)) - l -g,v(d x Uz))(d x 4> l (z)) 

+ Ad^d u (UzW(z)) + Bg^U(UzW{z))\ . (C-2) 

These two fundamental properties of the energy momentum tensor impose the fol- 
lowing constraints on the unknown coefficients. 

• T^(z) = 0: This gives the relation 2A + 8B - 1 = 0, with the help of the 
Klein-Gordon equation Ofa^z) = 0. 

• d^T^z) = 0: This leads to the constraint A + B = 0. 

The coefficients are determined as A = — | and B = | , and this completes the proof 
of (3-2). 

Appendix D 

Proof of (3-5) - (3-7) 



This appendix is devoted to the explicit computation of the OPE T fJiU (z)W[C} in 
the U(l) SYM theory. We first take contractions following Wick's theorem. Then, 
we obtain 

T^{z)W[C] = (T^(z)W[C]) c + (T^(z)W[C]) vec + (T^(z)W[C]) SC8i . 

(D-l) 

Here, (T^(z)W[C]) c represents the result of two contractions, while (T /MV (z)W[C])yec 
and (T^ u (z)W[C]) sea represent the results of the single contraction with respect to 
the vector and scalar fields, respectively. The explicit form of each component is 
given below. 

(T^(z)W[C]) c = G 2 f c du'du"[-(d a D(z - y(u')))(d a D(z - v(u n )))yM)y v {u") 

-(d„D(z - y(u')))(d„D(z - y{u")))y a (u')y a (u") 
+ (d a D(z - y{u'))){d v D{z - y(u"))) yi ,(u')y a (u") 
+(d^D(z - y{u'))){d a D{z - y(u")))y a (u')y„(u") 

+ 9 J^^D{z - y{u'))){d p D(z - y(u»)))y a (u'W) 



9 -f{d a D(z - y(u')))(d p D(z - y(u")))y a {u")y t5 {u')]W[C] 



j c du'du"e k {u')e k {u") 



l -{d,D(z - y(u')))(d v D(z - y(u"))) 
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+-{d u D(z-y{u')))(d,D{z-y(u"))) 
- 9 -f{d a D(z - y(u')))(d a D{z - y(u"))) 

~[D(z - y{u')){d^d u D{z - y{u"))) + D(z - y(u"))(d^D(z - y(u')))} 



+ - g ^{D{z-y(u')){5{z-y{u"))) 

+ D(z-y(u"))(8(z-y(u')))}]W[C], 



(D-2) 



{T„ v {z)W[C]) we c = i 



c 



du{-{d^D(z - y(u)))F ua (y(u))y a (u) 

-{d v D{z-y{u)))F m {y{u))y a {u) 
+g^{d a D{z - y(u)))F af3 (y(u))yP(u) 

+ (d a D(z - y(u)))(F m (y(u))y u (u) + F ua {y(u))y^u)))} W[C], (D-3) 
(T^(z)W[C]) sca = f du^iu) [Uy{u)){d^d u D{z - y{u))) 

-\g^Uy(u))5(z-y(u))] W[C] 



+ j du6 l {u) 



-\{d,D{z - y{u))){d v Uv{u))) ~ \{duD{z - y{u))){d^Mu))) 



+ 9 J^{d a D{z-y{u))){d a Uy{u))) 
+ l(d a My(u)))(za - y a {u))(d^d v D(z - y{u))) 



3 

+^9iiv{d a <Pi{y{u))){z a - y a (u))S(z - y{u)) 



W[C}. 



(D-4) 



In this appendix, the dotted quantities represents derivatives with respect to the 
arc length parameter: y^(u) = dy %^ , y\i(u) = d y d $^ , and so on. Also, we define 
D{z-y{u)) = AnH ~_} y[u)yi . 

We next perform the integral over the Wilson loop. We expand the quantities 
around the point y^iuo), the nearest point on the Wilson loop to z^. The miscella- 
neous quantities in the integral are expanded as follows: 



(z - y(u)) 2n 



1 11 — Un) 2 

yfi(u) = y^(u ) + (u- u )y M (u ) H ijn(uo) H , (D-5) 

9i(u) = Oi(uo) + {u- uo)^(no) + ^ ~ 6>i(«o) + ■ ■ ■ , (D-6) 

W ~ y^ u o) - (« - u^y^uo) - ^ ^(tto) ) 



= [(^ - y M (t«o)) +(u- uq) } 



2-i-n 
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~ - y^uo)) 2 + {u- no) 2 ]" 
, n ( u ~ up) 2 ^ - y^(u ))y^(u ) 
[(^-^M) 2 + (^-n )T +1 ^ ' ' 

The expansion of the denominator (D-7) needs some explanation. 
• We expand the denominator ^ z _^ u ^in around 



[{zn - V^{uq)) 2 + {u- uq] 



21n ' 



because we approximate the integration over the Wilson loop by the integral 
over the straight line. In analyzing the conformal Ward identity, the point 
is on the S 2 {uq) sphere whose radius is e, and the point z^ is in the vicinity of 
the Wilson loop. Therefore, the Wilson loop is perceived as a straight line, just 
as we perceive the earth as a flat plane because the earth is much bigger than 
we are. 

• In this expansion, we must be careful about the fact that y a (uo)y a ( u o) = 
^(-£l\ya(uo)\ 2 ) = and that the definition of the point y^uo) immediately 
leads to (z M - y ^{uq))^ {u ) = 0. 
The following integral is useful in the computation given below: 



/+oo 
du 
-oo 



(u - Uq) 7 



27r 2 ((u - u ) 2 + (z^ - yn{uo)) 



2\m 



(n is an odd number.) 

^ 7T~\ — ^ n }^'\vim-n-un — (n is an even number.) ' ^ ^ 

where m and n are positive integers satisfying 2m > n. We now give the computation 
for deriving the formula (3-5) — (3-7). The computation is rather lengthy, and we 
compute the terms one by one. 

D.l. The computation of (T fJiI/ (z)W[C]) c 

Since this is a contribution of W[C] itself, it suffices to perform the computation 
to 0(z — y(tio)) -3 . We have already shown that the terms of 0(z — y(uo))~ 2 do not 
contribute to the conformal Ward identity. The following quantities are frequently 
involved in the computation: 



+oo 

duy v (u)(d^D{z - y{u))) = O' 2 + CT 1 + 

oo 



I 

/+oo 
dvBi{u){d^D{z - y(u))) = Pf + P^ + ..., 
-oo 

/+oo 
du9i{u)D{z - y{u)) = p- 1 + P° + ..., 
-oo 

/- 



oc 
+oo 



due i (u)(d fM d u D(z - y{u))) = P~ 3 + P- 2 + • • • , where 
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n -2 = -^( n o))^K) rn q\ 

^ ^\z-y{u Q )\ 3 ' 1 J 



p- 1 



p-6 



8tr\z - y(u )\ 3 
y»(uo)yv{uo) + \y^{uo)yu{uo) 

A7r\z-y(u )\ 
u ))9j(u ) 

yM\ 3 

[(zg - y a {u )) • y a {u )](z,t - y^{u ))ei(u ) 
8tr\z - y(u )\ 3 

y^uoWiiuo) yi(u )6i(u ) 



(D-10) 

" 47r|z-y(n )| 3 ' 1 ' " J 

P.7 1 



(D-12) 



8vr|2: - y(uo)\ 4vr|z - y(u )| ' 

gi(^o) 
47r|z - y(u )| ' 
9i{u )[(z a - y a (u ))y a (u )] 
8ir\z - y{u )\ 
- y fJ ,(u ))(z u - y u (u ))9i(uo) 
4ir\z - y(u )\ 5 

yn(uo)yA u o)6i(uo) +g Oj(u ) (D-14) 



(D-13) 



47r|z - y(u )\ 3 ^ 4it\z - y(u )\ 3 
p -2 = 3^(n )(^ - y fl (u ))(z l/ - y v {uQ))[{z a - y a {u ))y a (u )} 
~ 87r|z-y(n )| 5 

| 9i{uo)[{z^ - y^(u ))y u (u ) + {z v - y„(uo))y^{u )] 
4n\z - y(u )\ 3 
36i(u )[(z a - y a {u ))y^{uo)\y^{uQ)y v {uo) 



+- 



8vr|z - y(u )| 3 
i{uo)[(z^ - y^{uo))y u (u ) + (z„ - yu{u ))y u (u )] 
8tt\z - y(u )\ 3 



, Oi(uo)[(zg - y a (uo))y a (u )} 

8*\z-y(u )\ 3 • (D ' 15) 



Each term of (D-2) is thus integrated as follows: 



-G 



W[C] 



j du'du"{d a D{z - y(u')))(d a D(z - y{u"))) yil {u')y v {u") 
= -G 2 (0- 2 % + 0^% + • • -){0~l + O'l + • • -)W[C] 

= _ G 2 (0 -2«^ ~2 )W[C] _ G 2 (0 -2a^ -l + Q~ 2a [C] +■■■ 



G y^(u )y u (u ) ^ 
167T 2 \z — y(iio)| 4 



W[C] + O(z-y(u ))' 2 , (D-16) 



-G 2 



£du'du"(d^D(z - y{u')))(d v D(z - y{u")))y a (u')y a (u") 



W[C] 
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-G\0~\ a Ozl)W[C\ - G\0'\ a Ozl + 0-\ a O^)W[C] + 

G 2 (Zft - y^{uQ))(z u - y u (uo)) 
IQtt 2 \z — y(uo)\ 6 

G 2 (z a - y a (uo))y a (u )(z^ - y^(uo))(z v - y„(u )) 



+ 



167r 2 \z — y(uo)\ 6 

G 2 {zp - y^(u ))y^(u ) + (z v - y„{u ))y^(u ) 



k-y(«o)l 4 



W[C] 



32vr 2 
+ O(z-y(u )y 2 , 

£ du'du"[(d a D(z - y{u'))){d v D{z - y(u")))y^u')y a (u") 

+ {d,D{z - y(u')))(d a D(z - y(u")))y a (u')y u (u")]] W[C] 
= [G 2 {0~ 2 \0- 2 ) + G\0- 2 \0- v l + 0- 2 v a 0-D 

+g 2 (o- 2 %o; 2 ) + G 2 (o- 2a u o-' + o- 2 °o£)]w[C\ + ■■■ 
G 2 {{z a - y Q (wo))y Q («o))yM( n o)^(«o) 



8vr 2 \z-y{uv)\ A 

G 2 (z^ - y^(u ))y u (u ) + (z v - yv(u ))y^(uo) 

\z - y{uo)\ A 



W[C] 



16vr 2 

+ O(z-y(u ))- 2 , 
du'du" 9llu {d^D{z - y{u'))){d p D{z - y{u")))y a {u')y a {u") 

^9AiP-jO- 2 ^) + 2(0- 2 0-^)]W[C] + ■■■ 



uc 
G 2 
2 

G 2 



W[C] 



5V 



32vr 2 \z-y(u )\ A 



W[C] + O(z-y( U0 )y 2 , 



r 2 
I 



£ du'du"g^(d a D(z - y(u')))(dpD(z - y(u")))y a {u")f (u r ) 
- ~9^[(0^0-^) + 2(0- 2 0-^W[C] +-.. 

j> c du'du"e i (u')e\u")[{d ll D(z - y{u')))(d u D(z - y{u"))) 
+ (d u D(z - y(u')))(d^D(z - y(u")))\] W[C] 



(D-17) 



(D-18) 



(D-19) 



W[C] 



(D-20) 



2G 



(P^ 2 + V + • • -){Pu 2 + Pu 1 + • • W[C] 

., m 2 Pu 2 ) + {p^Pu 1 + p^p, 1 ) + ■ ■ wic} 



3 
2G 2 
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G 2 (*„- 


- y M ( n o))(^ - vA u o)) 


24vr 2 


\z» - VfiMl 6 




- ya{uo))y a {uQ)){z^ - y^{uQ))(z v - y v 


24vr 2 


\z - y(u )\ 6 


G 2 W 


- y^{uo))iju(uo) + {z v - yv(u ))y^(u ) 


48vr 2 


\z - y(u )| 4 



W[C] 



+ O(z-y(u )y 2 , 



(D-21) 



G 2 



du , du"g^e i {u)0\u")(d a D(z - y(u')))(d a D{z - y{u"))) 



c 
G 2 



W[C] 



G 2 



G 2 



-^g»A(P* 2 P- 2a ) + [2P- 2 P^ a )]W[C] + • 
1 



(D-22) 



9l 
6 



£du f du"9 i (u')9 t (u")[D(z - y{u')){d^d u D{z - y{u"))) 
+ D(z - y{u")){d^d u D{z - y{u')))\] W[C] 

-^(p- 1 + p° + • • -)(p- s + p; 2 + ■ ■ -)W[C] 



= -^[(P-^) + (PV-, 3 + P- 1 P; 2 )]W[C] + 



91 

3 

G 2 \ {z^-y^{uQ)){z v -y v (uQ)) _ ^(up^no) 

487r 2 d I. „./„._M6 I. „./„._M4 



|z - 2/(^o)| 6 



^ - y(uo)\ 4 



G 2 (Zf, - yf,(u ))(z u - y u {u ))[(z a - y a {uo))y a {u )] 
167T 2 \z — y(uo)\ 6 

G 2 [(z a - y a {uo))y^(uQ))y^(uo)y v (u Q ) 
24vr 2 \z-y{u )\ A 

G 2 {Zf, - y^(u ))y u (u ) + (z u - yy{uo))y^(uo) 
96vr 2 \z-y{u )\ A 



+ 



G 2 (z a -y a (u ))y a (u ) 



48vr 2 



9ixv- 



\z - y(«o)l 4 



W[C} + 0(z-y( U o))' 2 . 



(D-23) 



Above, we have utilized the fact that the term 9i(uo)9 l (uo) vanishes because we have 
set 9i(uo)9 l (uo) = 1. Summing all of the these terms, we obtain the result (3-5). 

D.2. The computation of (T flu (z)W[C]) ve c 

This computation is trivial, because the singularity of the integrand is 0{z — 
y(u))~ 3 . Only the leading term in the expansion around the nearest point survives, 
and we can trivially read off the result (3-6). 



36 



T. Azuma and H. Kawai 



D.3. The computation of (T^ u (z)W[C]) S ca 

We next compute the effect of the scalar field. The following three terms are 
computed as easily as those of the vector field: 



C 



du6\u) 



~(d^D(z - y(u)))(d u Uy(u))) - \{d v D{z - y{u))){d»Mv{"))) 



+ 



9 -^{d a D{z-y{u))){d a Uy{u))) 



W[C] 



r 0i(uo)[(3„ - y M («o))(9i/^(2/(«o))) 



+ 



6tt\z - y(u )\ 3 
+(z„ - y u (u ))(d^ l (y(u )))]W[C] 

l2it\ Z -y{u^ 9 ^ MU ° ){Za ~ ^N))(5 a ^(yK)))^[C]. 



(D-24) 



However, there are two terms that require a non-trivial computation. First, we 
compute the term in which the singularity of the integrand is 0(z — y(u))~~ A : 



G 2 
3 



c 



due^u^Mu^id^Diz - y(u))) 



g 2 r+ 



— / duOiiuoWiyiuo)) 



W[C] 
9t*u 



212 



29tiu(u ~ uo) 2 (z a - y a (uo))y a (uo) 
' 27T 2 [(z,-y^u )) 2 + (u-u ) 2 f 

4(> M - y^{uo)){z u - y„{u )) 12(u - uq) 2 (z^ - y fl (u ))(z l/ - y u {u )) 



2ir 2 [(z,-y,(u )) 2 + (u-u ) 2 ] 3 

^yy{uo)yv{uo){u - Up) 2 
2^[{z,-y,{u Q )) 2 + (u-u Q ) 2 f 
12(z a ~ ya(.uo))y a {u )yp,(u )y u (uo)(u - u ) 2 



2ir 2 [(z ll -y ll (uo)) 2 + (u-u ) 2 ] 



214 



+ 



271-2 [(^ - y^( u o)) 2 + {u- uo) 

2(u - u ) 2 [(Zf, - yn(uo))y u (u ) + [z v - yv{uo))y^{uo)} 



G 2 f +QO 



du 



2n 2 [(z,-y,(u )) 2 + (u-u ) 2 ] 3 
d 



+ 



W[C] 



du 



{OiiuoWiyiuo))) 



x 4(m - upfKz^ - y^{uo))y u {uo) + (z u - yu(,uo))y^(uo)] w ^ 



i(« )^(y(«o)) 



27r2[(^-^(n )) 2 + (n-n ) 2 ] 3 

9ixv - VniuoMzv - yu{u )) 



I2n\z - y(u )| 3 
y^(uo)yu(uo) 



Att\z - y(u )\ 5 



\2ir\z - y(u )\ 3 \y(u )\ 2 



W[C] 



i a ( x ,i f ( v , ( z a - ya(u ))y a (uo) 
+^g»Mu^ (y(«o)) \ z _ y{uo)? w[Cf\ 
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--ft(«o)* (y(«o)) |,_ yM |5 

+ — ^(uq)^(|/(uo)) ( ^ = ^11%^ + ^ - ^W ^^ 
247T \z-y{u )\ 6 

+ I ^M</> (y(«o)) |z-i/(uo)|3 W[C] 

v [(*/* ~ ^("o))^( n o) + - y«/K))^("o)] w r^i 

The other term that requires a non-trivial computation is 



(D-25) 



1 

3 

i r 



c 



d«0>)(0<V i (j/(u)))(z Q - y a {u))(dpd v D{z - y(u))) 



du 



W[C] 



e t (u )d a MyM) + ( ^(e\ Uo )d a MyM)) ) (« - «o) + 



{z a - y a (uo))g, 



in/ 



4 



2vr2[(z M -y M (no)) 2 + (n- Uo ) 2 ] 3 
+(^ - y v (uo))(z a - y Q (no))y^(no) 

- y a (u )){zn - y M (no))^(n ) + 



_ 4(z M - y^(u ))(z u - y v {u Q ))(z a - y a {u )) 
2^[(z,-y,( Uo )y + (u-uo) 2 ] 3 

(u - u )[{zn - y fl {u ))(z l/ - y u (uo))y a (uo) 



W\C] 



12vr|z-y(« )| 3 
1 



127r|z - y(u )\ 5 



9^0i(uo)(z a ~ y a {u G )){d a <t>\y{u Q )))W[C] 



k(u )(z a - y a {u ))(d a (j) l (y(uo))){z fl - y^{uo)){z v - y u (u ))W[C] 



giK)^K)(g a ^ i (yK))) 

12vr|z - y(u )\ 3 

x[{ZfM - yfi(u ))yu{uo) + (z v - yu{uo))yix(u )]W[C]. 
Summing the results (D-24) — (D-26), we reach the conclusion (3-7). 



(D-26) 
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